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The kinetic formulation described in a previous paper has been extended to include intramolecular reaction. 
The extension includes the incorporation of spatial correlation among chain species caused by volume 
exclusion. The need for consideration of spatial correlation among polymer species is reflected in the 
self-consistency of the kinetic theory. We provide a general procedure to look into the effect of intramolecular 
reaction on the branching process. Under a certain approximation in our grafting system, we obtain exact 
expressions for the weight-average molecular weight and gel point of the system. A thorough discussion is 
given of the various parameters that are important to the extent of intramolecular reaction and the branching 
process. It is concluded that intramolecular reaction cannot be simply neglected in the grafting system, 
since gel point and weight-average molecular weight are fairly sensitive to the extent of intramolecular 
reaction. 

(Keywords: spatial correlation; intramolecular reaction; molecular weight average) 

I N T R O D U C T I O N  

New polymer alloys with improved and desirable 
properties can be prepared by in situ generation of graft 
copolymer compatibilizer using solution grafting or 
reactive extrusion 1'2. Graft copolymers can be produced 
by: (1) graft polymerization of monomer onto polymer 
backbones3A; and (2) graft coupling reaction of two 
reactive polymers s-7. Both strategies will lead to a 
mixture of graft copolymers and ungrafted polymers. In 
the second scheme, the graft coupling reaction can be 
classified into three categories according to the numbers 
of reactive groups on the backbones of the two reactive 
polymers: (a) one or two reactive groups on both 
polymers, (b) one or two reactive groups on one polymer 
and numerous reactive groups on the other polymer, and 
(c) numerous reactive groups on both polymers. The most 
complex graft copolymer structures will be produced in 
the last case. Gelation will occur at a certain extent of 
grafting reaction. 

This work focuses on the effect of intramolecular 
reaction on the branching process of the graft coupling 
system of polymers A and B both having a large number 
of reactive groups (a and b, a reacts with b only). 
Intramolecular reactions are defined as reactions that 
happen within any graft copolymer. An example is the 
graft coupling between cellulose acetate (CA: degree of 
substitution = 2.45) and styrene maleic anhydride random 
copolymer (SMA). lntramolecular reactions happen 
between the hydroxyl and anhydride within any graft 
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copolymer. As a good approximation, the number of 
reactive groups on both polymers can be considered as 
infinite so far as the grafting reaction is concerned 8. 

B A C K G R O U N D  LITERATURE 

Theoretical analyses of some monomer polymerization 
systems and numerous experimental observations indicate 
that intramolecular reactions account for a finite fraction 
of the total reaction that delays the growth of molecular 
weight and the onset of gelation 9-2t. Studies concerned 
with intramolecular reaction (cyclization) have been 
mainly on RA 2 + RBI, RAy ( f  = 3-5) systems (condensa- 
tion polymerization or free-radical polymerization), for 
example oxypropylene triol and hexamethylene diiso- 
cyanate, epoxides and amines, vinyl and divinyl. The 
properties of the network material formed can be 
markedly affected by these reactions 17 19,22. 

Jacobson and Stockmayer 11 derived the probability 
and the extent of ring formation in the polymerization 
of a difunctional monomer using Gaussian conforma- 
tional statistics for the growing chain. Their theory was 
further developed by Kilb 13 and applied to polyconden- 
sation of an f-functional monomer with a difunctional 
monomer to predict the gel point in an approximate 
manner. Frisch 12 gave a slightly different expression for 
the gel point in the same system. Stepto examined the 
theories of Kilb and Frisch experimentally, and gave 
a more accurate condition for the gel point in an 
RA 2 +RBy system 16'23. Statistical methods are used in 
deriving the equations for the gel point in those theories. 
No attention is paid to the molecular weight averages of 
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these systems. The problem with these theories is that the 
physical meaning of the model parameters defined in the 
theories is not clearly defined. 

The kinetic approach has been extended to include 
intramolecular reactions in a non-linear polymerization 
system 24. In a self-polymerization, the rate of intra- 
molecular reaction is written as 

rCyy = k Z  n j[Cn j] (1) n , j  , , 

where Z,,i is the probability that a molecule of chain 
length n undergoes cyclization by intramolecular reaction 
of two functional groups separated by j repeat units. 
Monte Carlo simulation 24 was developed to look at the 
value of g, , j  in relation to n andj .  Kumar et al. 2° made 
distinctions of the same molecular weight chain with 
different ring numbers. Kinetic equations were written 
out with additional balance equations for those ring 
species. A numerical method was used to determine the 
effect of the intramolecular reaction. Several studies have 
also described the details of the probability of intra- 
molecular cyclization for the vinyl~tivinyl polymerization 
system ts'2s'26 The terms 'primary cyclization' and 
'secondary cyclization' were used to distinguish different 
types of cyclizations. Tobita and Hamielec 25, Dotson 
et al. 26 and Zhu et al. 2v derived expressions for the 
probability of primary cyclization and secondary cycliza- 
tion. Dotson et al. z6 gave a qualitative discussion on the 
incorporation of intramolecular reaction into the recursive 
method. 

Despite extensive studies conducted on the influence of 
intramolecular reaction in several monomeric polymer- 
ization systems, there is still a lack of a general procedure 
in a complete sense. Also missing is the presence of spatial 
correlation among polymer species when we consider the 
presence of intramolecular reactions. The system has to 
be moved away from the ideal case of complete 
randomness because of the excluded volume effect, that 
is, the collisions leading to intramolecular reaction 
cannot lead to intermolecular reactions at the same time. 
Every polymer species creates its own local environment 
and probably causes the non-uniformity of the system as 
a whole. As a first-order approximation, the composition 
of polymer species can still be considered as uniform 
down to the scale of the polymer species. At the extreme 
of high probability of intramolecular reaction, there can 
be compositional heterogeneity. So far, no attention has 
been paid to such a stochastic correlation in both the 
statistical and kinetic approaches. 

PRESENT WORK 

Graft coupling reaction of our system s starts with 
long-chain reactive polymers. The large numbers of 
reactive groups on the two reactive polymers call for an 
analysis of the extent of intramolecular reaction of the 
graft copolymers. It turned out to be a good system for 
us to study the effect of intramolecular reaction on the 
branching process. Monodisperse reactive polymers are 
considered. 

THEORETICAL DEVELOPMENTS 

Probability of  intramolecular reaction 
The probability of intramolecular reaction is different 

for different graft copolymers. The probability of intra- 

molecular reaction for a reaction group depends on its 
location on the chain segment and the position of grafting 
linkage. For a graft copolymer, it is an average of all the 
reactive groups on the graft copolymer. It is further an 
average over all the structural isomers of a graft copolymer 
if no distinction is made between the structural isomers 
in the kinetic expression. Such a mean approach simplifies 
mathematical description, otherwise the numbers of 
kinetic equations will be vastly increased. In the following 
development we use such a simplification. 

There is a statistically equivalent mean volume (from 
the probability of intramolecular reaction) if we focus on 
one chain segment of a graft copolymer. The local 
environment around the chain segment of the graft 
copolymer is sketched conceptually in Figure 1, by 
considering (a) every ungrafted chain and every chain 
segment of the graft copolymer as a structural unit and 
(b) clustering solvent molecules as clusters having the 
total volume of solvent that existed in that mean volume. 
Such clustering is intended to make the concept more 
straightforward. The probability of intramolecular re- 
action for the central unit A is obtained by counting the 
B units surrounding it, how many of them are connected 
to it and how many of them are not. The same is true 
for the probability of intramolecular reaction of the 
central unit B. The equivalent numbers of structural units 
of that coordination ball depend on chain configuration 
and dilution. 

Figure 2 illustrates the naming of structural units. Units 
of the other type connected directly to the focused unit 
in the centre are called first neighbours, units of the other 
type connected next to the focused unit are called second 
neighbour, and so forth. The units connected directly to 
the central unit have more chance to react intramolecularly 
than units not directly connected to it. The probability 
of intramolecular reaction is different locally for the 
centre of interest of structural unit A or B on the same 
graft copolymer. 

Mean probabilities of  intramolecular reaction of  the 
chain segments o f  a simple graft copolymer. Let us look 
first at the mean probability of intramolecular reaction 
of a simple graft copolymer (one A chain and one B 
chain) before arriving at the general expression for the 
probability of intramolecular reaction of any graft 

centre of  • centre of 
focus focus 

Figure 1 2D model representation of the macroscopic environment 
of a graft copolymer. S: solvent clusters; A: chain A; B: chain B 

1 first neighbour 2 second neighbour 

Figure 2 Naming of the chain segments of a graft copolymer 

1470 POLYMER Volume 36 Number7 1995 



Effect of  intramolecular reaction on the branching process. L. Nie et al. 

copolymer. Let us assume for the sake of simplicity that 
the constitutional units on chain A and B have the same 
volume and the same chain flexibility. Let nn, ns be the 
total moles of polymer A and polymer B, NA, Ns be the 
total number of constitutional units on chains A and B, 
N,, N b the numbers of constitutional units each bearing 
one reactive group a and b, ~Pa, ~0b and q~ the number 
fractions of constitutional units having reactive groups 
a and b excluding solvent and the equivalent number 
fraction of solvent in the system, Vn and va the numbers 
of constitutional units carried by each reactive group of 
chains A and B respectively (t'A=NA/Na, b'B= Na/Nb). 
Both/-;A and t'B are equal to one when each constitutional 
unit has one reactive group. Figure 3 illustrates the 
structure of one isomer of a simple graft copolymer. 

Let Pakb be the probability of an a~ reactive group 
meeting with a bj reactive group for the k type isomer, 
P, the mean probability of {ai} reactive groups meeting 
with [bj} reactive groups, Pb the mean probability of 
Ibj~ reactive groups meeting with {ai} reactive groups 
for the simple graft copolymer. We have 

niso Na Nb 

E E E 
Pa = k = l i = l j = l  (2) 

Na~iso 
rliso Na Nb 

k E E Ee , j 
k = l i = l j = l  P~ = (3) 

Nbniso 

where ni~ o is the total number of isomers of a simple graft 
copolymer. It is assumed here that there is an equal 
probability of the formation of any particular isomer. If 
we define Z as the number of constitutional units in the 
coordination sphere surrounding a constitutional unit, 
the mean probabilities of intramolecular reaction for 
chains A and B of the simple graft copolymer become 

)A 1 __ /Oa (4) 
Z~0b 

;.1B1- ]~b (5) 
Z~Oa 

where 
Na 

~ a - -  (1 - - % )  (6) 
NA + NRx 

NbX 
(Db-- (1 -go~)  (7) 

N A + NBx 

+~ll,..~®---O....~/q~'--/I 
~ : % ~  Chain A 

graft linkage 

Q Constitutional unit of A carrying one reactive group a 

• Constitutional unit of B carrying one reactive group b 

O Inert constitutional unit of A 

~g~ Inert constitutional unit orb  

Figure 3 Structure of one isomer of a simple graft copolymer 

and subscript 11 stands for one A chain and one B chain. 
In writing down equations (4)-(7) we have assumed that 
there is no compositional heterogeneity down to the scale 
of the surroundings of a constitutional unit. Such an 
assumption is valid unless there is a very high degree of 
branching or excluded volume effect. If we define 

we have 

~ A  = 1/~A1 (8) 

[~B ~- l / ) f l  I (9) 

O B = x O  A ( 1 0 )  

where x is the molar ratio defined by 

x = na/n A (11) 

Therefore we know that ®A and ®B are the numbers of 
chains A and B in the statistically equivalent mean 
volume including segment A and segment B of the simple 
graft copolymer. 

Mean probabilities o f  intramolecular reaction of  the 
chain segments of  any 9raft copolymer. On the basis of 
equations (4) and (5) and the definition of ®A and ®n we 
can do a simple computation and generalize the mean 
probabilities of intramolecular reaction 2~ and 2~ of any 
graft copolymer into 

2 ~ - ( i + j - 1 ) / i ( 1 + 6 2 + 6 3  + "..) (12) 
®a 

) L ~ - ( i + j - - 1 ) # ( l + 6 2 + 3 3 +  ...) (13) 
®A 

62, 63... are contributions from the second neighbour 
and the third neighbour, and so forth. Equations (12) 
and (13) are obtained under the assumption of an in- 
dependent Gaussian distribution for each chain segment 
of the graft copolymer. The ring effect is not considered. 
There is a certain amount of error associated with the 
above two equations. 

System probability o f  intramolecular reaction. The 
contribution to the system probability of intramolecular 
reaction for a graft copolymer 2ij is independent of 
whether chain A or chain B is focused upon. It satisfies 

-- A JCij B 
2ij = iCij2ij = - -  )~ij (14) 

x 

The system probability of intramolecular reaction 2 
satisfies 

2 = ~ L s  (15) 
ij 

Equation (14) will always hold no matter how the species 
probability of intramolecular reaction of the chain 
segment is modelled. 

Kinetic formulation 
Intramolecular reaction does not contribute to the 

growth in molecular weight of the system. It has to be 
excluded in the kinetic equations that describe the 
development of polymer species. The kinetic equation in 
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the presence of intramolecular reaction has the general 
form 

dCij _ pgj_ p~j (16) 
dE 

E =  -ln(1 --fA) (17) 

which is the same as in the case of no intramolecular 
reaction s . 

The difference in volume exclusion among polymer 
species results in spatial correlation among them. Such 
spatial correlation has to be considered in the kinetic 
description to keep it self-consistent. The probabilities 
for the generation and consumption of individual species 
including the probability of intramolecular reaction are 
formulated as 

1 i j 

- . ( i  ~)~j-t))[3 

+l(i-k)(1 .B )A --/.kl)(1 -- .(i_k)(j_l))[3JCkiC(i_k)(j_l) (18) 

1 
- [iCij(1 - ).A)x -I-j(~u(1 -- 2~)-] (19) P~J= x 

where 

[3= 
1 1 1 

- - -  (20) 
Z(1--ZApq)pCpq Z(1--2~pq)qCpq/X 1--2 
Pq Pq 

fl is a normalization factor that reflects the disturbance 
of species distribution away from complete randomness, 
due to differences in volume exclusion among polymeric 
species. The spatial correlation is thus included in 
equations (18) and (19). The kinetic expression is 
self-consistent only after we have incorporated the spatial 
correlation through such a normalization procedure. It 
is consistent that, in summing the concentration of each 
polymer species, the change of total polymer concen- 
tration satisfies equation (31), which is arrived at directly 
from the definition of the system probability of intra- 
molecular reaction. 

Weigh t-average molecular weigh t ( WA M W) and gel poin t 
Equations (16)-(20) complete the description of the 

grafting process taking into account the presence of 
intramolecular reactions. From a control point of view, 
we need to know the gel point and the system molecular 
weight averages, particularly the weight-average mole- 
cular weight. Under some approximation, we can have 
a detailed discussion on the effect of intramolecular 
reaction on the gel point and the WAMW of the grafting 
system without the need for numerical simulation. Let 
us assume that the probability of intramolecular reaction 
comes mainly from the first neighbour in our system. 
Under such simplification, we can introduce a generating 
function to avoid numerical simulation. Both gel point 
and molecular weight averages are obtained in a closed 
form. 

Let us define the generating function as 

G(A,B,E)= L L AiBJCo(E) (21) 
i=Oj=O 

Cu(E ) is the reduced concentration as defined in a 
previous publication s . By multiplying equation (16) by 
AiB j and summing all i and j, we can convert equation 

(16) into a non-linear first-order partial differential 
equation 

F = G E + A G A + lx BGB - ~--B (AGA + BG~ - G) 

[3 [AGABG,-(AGABGa + AZG 2 -  AGAG)/OA 
X 

--(A G ABG R + BZG ZB - BGAG)/Oa 
+ ( A G A + BGB - G)z/OA®R] = 0 (22) 

The initial condition of equation (22) satisfies 

G(A, B, O) = A + xB (23) 

G~, GA, Ga are partial derivatives. We can convert the 
first-order non-linear partial differential equation into a 
series of characteristic ordinary differential equations 
using the method of characteristics. The characteristic 
ordinary differential equations cannot be solved in a 
compact form. We can, however, obtain the solution in 
a serial form. 

The WAMW is defined as 

L L (iMA-~-jMB)2Cij 
2~fw = i= o j = o (24) 

MA + xMa 

By expanding the square term and recalling the definition 
of generating function, we have 

~ (AGA)+2 Ma (Ma)  20 - -  + 

J~w t~A MA GAB MAA ~ ( B G B )  
- -  - ( 2 5 )  
d ° 1 + x(MB/MA) 2 

in its reduced form at A = B=  1. We see from equation 
(25) that expressions for AGA, AG n instead of G are needed 
to get an expression for the reduced WAMW. 

We can write the expressions for AGA and BGB into 
serial forms of the Taylor expansion (see appendix for 
explanation): 

AGA=(II+~j~=((-1)IEJai j+Li= 1 i = l j = l L ( r / - l ) i E J b i j  

+ L L L (~--l)i(q--1)JEkcu* 1 (26) 
i=lj=lk=l 

i = l j = l  i=1j=1 

i=lj=lk=l 
and ~/are functions of A, B and E. Other terms in the 

general Taylor series should not exist for this particular 
case. Such expressions are deduced from the characteristic 
equations. The first two coefficients of {alj} and {blj } are 
found to be: 

1 
a l l  = b l l  - (28) 

®a 

1 l + x  
a 12 = b 12 -- Jr- (29) 2o2. o .  

The coefficients of the series decrease rapidly with ®a- 
Retaining a few terms is often enough for representing 
the whole series when ®B is large. The reduced WAMW 
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is related further to ~A, ~B, VIA, qB at A = B = 1. We also have 

~]A = B = 1 = q l A  = a = 1 = 1 (30) 

We see from equation (30) that only terms with 
coefficients {alj} and {b~j} are actually needed for 
calculating WAMW. 

In order to obtain the coefficients as well a s  (A,  ~a,  qA, 
r/B at A = B =  l, we need to obtain the expression of fl 
(equation (22)) in relation to E. Although the functional 
form of fl(E) is contained in the characteristic equations, 
it can be derived separately. From the consideration of 
reduced total molar concentration, we have in the case 
of grafting reaction with intramolecular reaction 

dCT 
- (1-;~)  (31) 

dE 

where C T is the reduced concentration of all polymer 
species (see definition in ref. 8). With the approximation 
of first neighbour contribution only to the probability of 
intramolecular reaction, we have from equations (12)-(15) 

). = (1 + x - C T ) / ®  B (32) 

By substituting equation (32) into equation (31) and 
solving with the initial condition CT(0)= 1 + x, we have 

CT = 1 + x + O B ( e  - E ' O " -  1) (33) 

Substituting equation (33) into equation (32), we have 

)~= 1 - - e  - E : O "  (34) 

We have from the definition of fi 

fi =e  E°" (35) 

The correctness of equations (33) and (35) can be verified 
directly from one of the characteristic equations in the 
appendix (equation (A13)). 

With the expression of fi(E) beforehand, we have at 
,4 = B = ~ = ~ I =  I 

B(L + FK/A) + K(E -- FB/A) 
~-A = (36) 

A E - F B  

F K  + A L  
qA= ~ -  ~~ (37) 

A E - F B  

B(D + F&A) + C(E-FB/A) 
~ . -  (38) 

A E - F B  

r /a-  ~_ ~~ (39) 
A E - F B  

where 

A= 1 --F a f idE-~  fi a~Ei dE (40a) 
i = 1  

fo B=8 fldE +g fl bl~U dE (40b) 
/ = 1  

fo C = b fi dE (40c) 

/) = 1 + 0 fl dE (40d) 
0 

f® E= 1 +~ f idE-? [3 bliEidE (40e) 
0 i = 1  

F =Ft fl dE + ? fl aiiEi dE (40f) 
i = l  

K= 1 +Z[ I~ fldE (40g) 

f/ L =/3 fl d E (40h) 

4=  1-(1 +x)/OB+2X/O ~ (41a) 

g=  1 --(3 + x)/OB + 2(1 +x)/O~ (41b) 

a = a - g  (41c) 

9=  l /®B-  2 /0  2 (41d) 

0 = l / ® B - -  2x/O 2 (41e) 

= 2/OB-- 2x/O 2 (41f) 

8 = x a  r (41g) 

p = ~/x (41 h) 

= a/x (4 l i) 

?=c~-~ (41j) 

?(AGA)/?A, ?(BGB)/~B, GAB are related to ~A, fin, qA, ~IB by 

?-~(AGA)= 1+ ~ aliE i ~A +'lA ~ bti Ei (42) 
i=1  i=1  

~--B(BGB)=x( 1+ i=i~ bliEi) tlB+x~B~aliEii=l (43) 

= l + all Ei bli Ei 
i = 1  1 

qA -{- XgA aliE 
i = I  i=1  

at A = B = f = q = l .  The reduced WAMW of equation 
(25) is calculated with the results of equations (36)-(44). 
The common denominator associated with the WAMW 
connects to the condition of gelation: 

AE-FB=O (45) 

We have thus obtained the condition of gelation and 
expressions for the WAMW and probability of intra- 
molecular reaction of the system. The results reduce to 
the situation of grafting with no intramolecular reaction 
if OH (or ®a) goes to infinity. 

Model parameter in relation to chain characteristics and 
dilution 

Oa is related to chain characteristics and dilution by 
(from equations (5) and (9)) 

xZNaNbniso(1 -- ~Ps) 
OB= .,~o N. N~ (46) 

( N A  + NBX) E E E P~,b, 
k = l i = l j = l  

For chains of Gaussian distribution, we have 
/ 3 \ 3 , 2  

p k  ~ . _ _  ' aib~{k2gNalbjbJ. ) Vsphere (47) 
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where N,,b, are the numbers of statistical equivalent units 
between the two reactive groups, b is the length of the 
statistically equivalent unit and V~phere is the volume of 
the coordination sphere. The exponential term is omitted 
since it is very close to that for large Na,b; Let the radius 
of the coordination sphere l be expressed by 

l = kb (48) 

The volume of the coordination sphere becomes 

4 ~zk3b3 (49) 

By substituting equation (49) into equation (48), we have 

pk ,.~ 1 2Rb3N-3/2 (50) 
a/b s ~ ...,~,~ a/b j 

We see from equation (50) that the effect of chain 
flexibility is reflected in k. k is related to fixed bond angle, 
rotational potential barrier and steric interactions re- 
sulting in the interdependence of rotations about neigh- 
bouring bonds 2s. The statistical equivalent numbers of 
structural units satisfy 

Na~bj = k(iv a + j v b )  (51) 

Let E(N,,N,, VdVa) be the average of the double sum- 
mation taken over all the isomers. We have 

S(Na, Nb, Ub/l)a): ~ n~, Na Nb [ / ~ - - 1 . 5  E E {i+Vbj (52) 
n i s o k = l i = l j = l \  V a /t k 

By counting the numbers of isomers, we have for even 
numbers of Na, N b  

his o = (Na/2 + l)(Nb/2 + 1) (53) 

Equation (46) becomes 

xZ(1 - q~)v °" 5 
®a = (54) 

1.38ka'5(N~b + X~ N--~)g(N~,Nb, Vb/V~) 

RESULTS AND DISCUSSION 

Order of magnitude of OB 
Several qualitative conclusions are deduced from 

equation (54). (a) Oh is directly proportional to dilution 
in a theta solvent. A good solvent expands the coil, it 
results in a smaller k value and therefore higher ®B. (b) 
O h is very sensitive to the flexibility of the chain, this is 
shown by the 1.5 power dependence. (c) ®s increases 
with the numbers of inert units on the chain, but the 
influence of inert spacing on Oh is much less sensitive 
than chain flexibility. (d) The change in molar ratio also 
affects OR; ®B increases with x. (e) The numbers of 
reactive groups on chain A and chain B affect ®a" The 
numbers of reactive groups on chain A and chain B are 
perhaps the most important parameter since they connect 
to the dimensions of chain A and chain B. Apparently, 
many factors contribute to ®B" A complete discussion of 
the various factors and their combinations is cumbersome. 
The importance of equation (54) is in estimating the order 
of magnitude of ®a given the assumptions that have been 
made in arriving at the equation. 

Special case." N A = N B, v, = Vb. Let us look at a special 
case of equal numbers of reactive groups and inert 

spacing on chain A and chain B. Let 

® = ®A + Oh (55) 

We see from equations (10) and (54) that (9 is independent 
of x. We can, therefore, choose ® as the model parameter 
and see the effect of molar ratio on a common basis. 

A particular set of parameters is chosen for a 
semi-quantitative estimation of the change of ® value 
with the numbers of reactive groups, the parameters are: 

t;a=/)b = 10; q~s=0; Z= 12; k=  1.0 

The selection for the coordination number is 12. No ring 
size prohibition is needed in the calculation of ® since 
the smallest ring will contain 20 constitutional units for 
the particular set of parameters 26. 

Figure 4 shows the change of ® with N (reactive groups 
on chain A or chain B) of a random flight chain in the 
absence of solvent. ® increases with N. Therefore the 
probability of intramolecular reaction decreases with 
increasing numbers of reactive groups on the chains. ® 
falls in the range 50-.160 for the numbers of N selected. 
Flory has given an accurate calculation of the reduced 
mean-square end-to-end distance ((r~2/nl 2) for several 
polymers in the unperturbed state, following his complete 
theory of Rotational Isomeric State ( R I S )  29. It has the 
value of 6 for polyethylene, 8 for syndiotactic poly(methyl 
methacrylate) (PMMA) and I0 for is®tactic PMMA in 
the asymptotic limit of coarse-grained Gaussian chain 3°. 
The corresponding k is equal to 1/6, 1/8 and 1/10 
respectively. ® increases to 370-2350 if we choose k to 
be 1/6. It drops back to the range 40-235 for a tenfold 
dilution (~Ps can be considered as volume fraction as a 
first approximation) in solution grafting reaction and 
20-120 for a 20-fold dilution. The above analysis is based 
purely on the assumptions of long-chain Gaussian 
distribution. Such a semi-quantitative analysis is good 
at least for estimating the order of magnitude of 0.  In a 
broader sense, we select ® in the range 10-100. It is very 
important to point out that the mean probability of 
intramolecular reaction decreases with chain length. 

Probability of intramolecular reaction, gel point and 
WAMW 

Figure 5 shows that the probability of intramolecular 
reaction of the system increases exponentially with the 
grafting conversion of polymer A. The system probability 
of intramolecular reaction decreases as x increases. 
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Figure 4 Model parameter ® in relation to the numbers  of reactive 
groups on chains A and B 
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Figure 5 System probability of intramolecular reaction in relation to 
grafting conversion of polymer A and molar ratio 
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Figure 6 Reduced WAMW in relation to grafting conversion at 
different O with equal molar amounts A and B 

Table 1 Effect of ® on the critical point of grafting conversion at two 
molar ratios 

f~'~ for 0 = 

x -z 50 20 10 

1.0 0.63 0.67 0.73 0.82 
2.0 0.76 0.80 0.85 0.93 

Table 2 System probability of intramolecular reaction at f~,i 

;. at O= 

\ ~ 50 20 10 

1.0 0.0 0.039 0.123 0.290 
2.0 0.0 0.047 0.132 0.328 

The expressions for the gel point  (equation (45)) and 
the W A M W  (equation (25)) contain serial terms with 
coefficients {al ,  }, {bli }. The calculations were made  in 
which terms with coefficients {all}, (bli} are dropped  
except for those with coefficients a11, axE, b11, b~a. This 
is a good  approximat ion  for the range of  ®B, E and x 
values chosen in the calculations. 

Tables 1 and 2 list the grafting convers ion and the 
system probabil i ty of in t ramolecular  reaction at gel point. 

We can see that  the critical grafting conversion of a 
polymer  is fairly sensitive to intramolecular  reaction even 
though  the system probabil i ty of intramolecular  reaction 
is relatively small at the gel point. Figure 6 shows the 
change of  reduced W A M W  with grafting reaction at 
equal amounts  of  A and B (molar). The effect of 
intramolecular  reaction gradually shows up with grafting 
reaction. For  example, changes of a few per cent in the 
grafting conversion of  a polymer  can lead to substantially 
different W A M W  in the presence of intramolecular  
reaction at a ® value of 50, when the desirable W A M W  
(reduced) is 4.0. 

C O N C L U S I O N S  

The kinetic formulat ion in a previous paper has been 
extended to include intramolecular  reaction for the 
grafting reaction system of reactive polymers A and B 
having large numbers  of reactive groups. The importance 
of spatial correlat ion a m o n g  chain species, due to 
difference in volume exclusion for different species, is 
incorporated  into the kinetic theory. We provide a 
general procedure  to look into the effect of  intramolecular  
reaction on the branching process. 

We make a distinction for the probabili ty of intra- 
molecular  reaction of different graft copolymers.  A 
generating function is introduced to derive the ex- 
pressions for the system probabil i ty of intramolecular  
reaction, W A M W  and gel point  in the approximat ion  of 
the first neighbour  contr ibut ion only to the probabil i ty 
of  intramolecular  reaction. 

A semi-quantitative discussion is given on the model  
parameter  ® in relation to chain characteristics and 
dilution under the assumption of Gaussian distribution. 
It is shown that ® can have a b road  range depending 
on the chain characteristics and dilution. ® increases 
with the numbers  of reactive groups on the chain, there- 
fore of the reduced system probabil i ty of intramolecular  
reaction. 

It is found that the gel point  is fairly sensitive to 
intramolecular  reaction even though the system proba-  
bility of  intramolecular  reaction is relatively small at the 
gel point. The presence of  intramolecular  reaction on 
system weight average molecular  weight can be either 
sensitive or  not  depending on the value of the system 
W A M W  sought  in a practical situation. It is concluded 
that the presence of intramolecular  reaction cannot  be 
simply neglected in the defined grafting system. 
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A P P E N D I X  

Serial solution o f  the character&tic equations 

The characteristic equat ions of  equat ion (22) are: 

dA 
dS - FGA = A - 2A/OB -- [ ABGB - ABGa/OB 

- ( A B G B  + 2 A 2 G A -  AG)/OA 

+ 2A(A G A + BG B - G) /OBOA]  fl/X (A1) 

dB 
- FG, = B / x  - 2B/OB - [ABG A -- A B G A / O  A 

dS 

- (ABGA + 2BEGB-  BG)/OB 

+ 2B(AG A + BG B -- G)/OBOA] f l lx  (A2) 

dE 
- - =  ds FG~= 1 (A3) 

dGA 
- -  - (FA + GAFG)= - GAFG 
ds 

[BGBGA(1 -- 1 / ® 0  
2GA 

- -  GA--  0 ~ - -  

-- (BGBG A + 2AG 2 - GAG) /O A 

dGn 

ds 
-- _ (F  B + GBFG) = -- GBF G 

GB 
[AGBGA(1 -- 1/OA) 

2GB 

OB 

-- (AGAG B + 2BG2B -- GBG)/O B 

+ 2 G . ( A G A + B G B - G ) / O B O , ] ~ }  (A5) 

(FE + GEFG) = -- GEF G 

OB 2 2 
+ ~ [ A B G A G  B - ( A B G A G  B+ A G A -  A G A G ) / O  A 

- (ABGAGt~ + B2G 2 _ B G B G ) / O  h 

+ (AG A + BG B - G)2/OAOB']/X (A6) 

dG 2G 
-- E GiFG, - 

d s  i= A,B,E 0 B 

-- {ABGAGB(1 -- 1 /O  A -- 1/Oh) 
- - ( A 2 G 2 / O A  + B2G2/OB)  

+ [(A G A + BGB) 2 - G2] /OAOB} -fl (A7) 
x 

F G = 2 / O  B --  [ A G A / O  A + BGB/OB 

- 2(AGA + BGB - G)/OAO a] f l /x  (A8) 

Equat ion (A6) needs not to be considered in the solution 
since GE does not appear  in the rest of the equations. 
Dividing equat ions (A1), (A2), (A4), (A5) and (A7) by 
equat ion (A3), we have 

BGB B G a + 2 A G A - G  d l n A - l _ 2 _  BG B 

dE OR OB O A 

2(AGA + B G B -  G)-]fl 
-4 ~ B ~ A  A jx l  (A9) 

d l n B - - 1 2 [ A G A ( 1 - - O - - - A ) d E  x O B 

OB OBOA 

(A10) 

d In G g 
- -  - {1 - -2 /Oa - -  [BGB(1-  1/OB) 

dE 

- (BGB + 2AGA - G)/OA 

+ 2(AGA + BG B -- G ) / O B O A ]  fl/X} -- FG (A 11) 

d In Gh 
- -  - [ 1/x - 2/Oh -- [A GA(1 -- 1/O A) 

dE 

- - ( A G  A + 2 B G B -  G) /O .  

+ 2(AGA + B G B - - G ) / O B O A ] f l / x } - - F  G (A12) 

dG 
-- 2 G / O  h --  {ABGAGB(1 -- 1 /O  A -- 1 /Oh)  

dE 
- - ( A 2 G I / O A  + B2G2/OB)  

+ [ ( A G A + B G B ) 2 - - G 2 ] / O A O B } f l / x  (AI3) 

The initial condit ions are: 

E = 0 ,  A = ( ,  B=F] ,  G A =  1, G B = x  , G = ( + x F ]  (A14) 
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No analytical solution is obtained for G. We have from 
equation (A9) and equation (A11) 

d ln(AGA) 
- F o (A15) 

dE 

We have from equation (A10) and equation (A12) 

d In (BGn) 
- F G  

dE 
(A16) 

We see from the inspection of equations (A 13), (A 15) and 
(A16) that G, AGA and BGn are functions of E, ( and q. 
Integrating equations (A15) and (A16), we have 

AGA BGn 
- - f ( E , ( , q )  (A17) 

Integrating equations (A9), (A10) and (A15), we have 

lnA = ( 1 - - 2 " ] E  - fE{[BGn-BGn/®. 
\ O U  Jo 
-- (BG n + 2AG A- G)/O A 
+ 2(AGA +BG~--G)/®~®A]fl/x } dE (A18) 

i n B = ( l -  2~]E--IE{[AGA--AGA/®A 
rt O U  do 

-- (AG A + 2BGn- G)/On 
+ 2(AGA + BGn - G)/®n®A] fl/x} dE (A19) 

lnAGA _ 2E I'{[AGA/OA+BGn/O n 
On J o  
- -  2(AGA + BGB -- G)/OBOA] fl/X} dE (A20) 

We have from the definition of the generating function 

AGAla =B= 1 ~- 1 (A21) 

BGaIA= n= 1 ~ X (A22) 

From equations (A18) and (A19), we have 

~h =.=1 = 1 (A23) 

t/lA=~= 1 = 1 (A24) 

With the requirements of equations (A14), (A21), (A22), 
(A23) and equation (A24), f(E,(,rl) of equation (AIT) 
satisfies 

f(0, (, q) = 1 (A25) 

f(E,  1, l )=  1 (A26) 

We must have for the Taylor expansion off(E,  (, q): 

/ ' (E ,~ ,q>=I+  L L (~-l)iEJau + L L (tl-1)iEJbij 
i=lj=l i=lj=l 

+ L L L (~--1)i( r/- 1) jgkCi jk  (A27) 
i = l j = l k = l  

By substituting equation (A27) into equation (A17), we 
have 

AGA=~[I-}- L L (~--l)iEJaij "~- L L (~]-l)iEJbij 
i=lj=l i=lj=l 

+ L L L (~ - l ) i ( r / -  I)JE'Cuk I (A28) 
i = l j = l k = l  

B G n = x , [ I +  L L (~-l)'EJau+ L ~ (q-1)iEJbij 
i=lj=l i=lj=l 

The system W A M W  is related to O(AGA)/SA, GAn and 
O(BGn)/OB at ~ = t / =  I. The terms with coefficients c~j k 
are not needed for obtaining the system WAMW, only 
terms with coefficients al/, bli ( i=1 ,2  .. . .  ) are actually 
needed for the molecular weight average, c~(AGA)/?A, GAn 
and c~(BGa)/~B are related further to ~A, '~, qA, qa at 
~ = q =  I. The coefficients of a~, bli (i= 1,2 . . . .  ) and ~A, 
~n, r/A, qn at ~ = q =  1 are obtained simultaneously by 
taking partial derivatives of equations (AI8~(A20) with 
A and B where we have already substituted equation 
(A28) and equation (A29) into them. ~ and q are 
independent variables that are taken out of the integrals 
before we take the partial derivatives. We need also to 
substitute the results of G A = l ,  G n = X at ~ = q = I. From 
the partial derivatives of equation (AI8) and equation 
(AI9), we obtain the expression for ~A, qA and ~H, qB. 
Substituting these expressions into the partial derivative 
of equation (A20), we have 

i= 1 giEi = 0 from 

i=lhiEi=O f r o m ~  

(A30) 

(A31) 

We recover the coefficients of all, b li (i = 1,2 . . . .  ) by setting 
9i=hi=O ( i=1 ,2  . . . .  ); in return, ~A, qA and ~., q. are 
obtained. Coefficients of a 11, a l z, b l t ,  b12 were shown in 
equation (20) and equation (21). The expressions for ~A, 
qA and ~a, qR were shown in equations (29)q32). In order 
to get the results of equation (A30) and equation (A31), 
we need to expand the results of several integrals from 
the partial derivatives of equations (A 18)qA20) into serial 
forms. These are: 

fo cfidE= L l-( l~i 'Ei (A32, 
i=l i ! \ O . }  

aliEifldE= E i+~ (A33) 
i= 1 i s= 1 (i+j)(j- l)! 

L fo blieifldE= " L L b'iO~-J Ei+J (A34) 
i=l i j=l (i+j)(j-- 1)! 

Detailed manipulations are tedious but straightforward, 
and are therefore not included here. 

N O M E N C L A T U R E  

aij, b u Parameters in Taylor expansion 
b Length of the statistically equivalent 

unit 
C u Reduced molar concentration of 

polymer species having i A chains and 
j B chains 

E Variable relating to grafting conversion 
of polymer A 

fA Fraction of polymer A found in graft 
copolymers 

f2r.  Fraction of A found in graft copolymers 
at the gel point 
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nAt HB 

N A, NB 

Nalbj 

niso 

~a 

~b 

Pg.. P~j 

pkj 

UA~ VB 

Total moles of polymer A and B in the ~ph,,e 
system x 
Constitutional units of polymers A Z 
and B 
Numbers of statistical equivalent units fl 
between two reactive groups with tO(or tOA or tOB) 
coarse-grained Gaussian distribution ~o s 
Total numbers of isomers that can be 
constructed out of a simple graft ~0a, (~9 b 
copolymer 
Mean probability of {all reactive groups 
meeting with Ibjl reactive groups of a 
simple graft copolymer A B 
Mean probability of {b j} reactive 
groups meeting with {ai} reactive 
groups of a simple graft copolymer 

2ij, 2i i Fraction of grafting reaction for the A B 
generation and consumption of 
polymer species having i A chains and 
j B chains 
Probability ofai reactive group meeting 2i~ 
with bj reactive group for a k isomer 
Numbers of constitutional units carried 
by each reactive group of polymers A 
and B 2 

Volume of coordination sphere 
Molar ratio of polymer A to polymer B 
Number of constitutional units of the 
coordination sphere 
Normalization factor 
Model parameter 
Equivalent number fraction of solvent 
in the reaction system 
Number fraction of constitutional units 
containing reactive group a of chain A 
and reactive group b of chain B in the 
reaction system excluding solvent 
Mean probability of intramolecular 
reaction for reactive groups on chain 
A and chain B of a simple graft 
copolymer 
Mean probability of intramolecular 
reaction for reactive groups on chain 
A and chain B of any graft copolymer 
having i A chains and j B chains 
Contribution to the system probability 
ofintramolecular reaction of the graft 
copolymer having i A chains and j B 
chains 
System probability of intramolecular 
reaction 
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